The semi-classical approach leading to the Thomas-Fermi (TF) model provides a simple universal thermodynamic description of the electronic cloud surrounding the nucleus in an atom. This model is known to be exact at the limit of Z → ∞, i.e., infinite nuclear charge, at finite density and temperature. Motivated by the zero-temperature case, we show in the current letter that the correction to TF due to quantum treatment of the strongly bound inner-most electrons, for which the semi-classical approximation breaks, scales as Z −1/3 , with respect to the TF solution. As such, it is more dominant than the quantum corrections to the kinetic energy, as well as exchange and correlation, which are known to be suppressed by Z −2/3 . We conjecture that this is the leading correction for this model. In addition, we present a different free energy functional for the TF model, and a successive functional that includes the strongly bound electrons correction. We use this corrected functional to derive a self-consistent potential and the electron density in the atom, and to calculate the corrected energy. At this stage, our model has a built-in validity limit, breaking as the L shell ionizes.
The richness of chemistry originates in the many-body character of the atomic problem, shadowing the simplicity of the underlying coulomb potential, and adding complexity to the solution. In order to solve this problem, one resorts to different approximations of the many-body quantum problem. A different approach, whose foundations lie in Density Functional Theory (DFT), is to formulate the problem in terms of the mean electron density. This is particularly useful when studying thermodynamic properties of a gas of atoms, at finite temperature and density. This research field of Warm and Dense Matter (WDM) is of central importance in astrophysics where the interior of main sequence stars is composed of such atomic plasma. In recent years, extreme thermodynamic conditions are achieved terrestrially using large scale experimental facilities, such as the Z-machine at Sandia National Laboratories, or the National Ignition Facility (NIF), where plasma can be produced at local thermodynamic equilibrium with temperatures of the order of 300 eV.
The first example of a density functional formulation of the atom has in fact been achieved long before the development of DFT in the Thomas-Fermi (TF) model [1, 2] . It is based on a semi-classical treatment of the electrons in the atom, combined with a spherical Wigner-Seitz cell approximation for the ions. Soon after its derivation the zero-temperature model has been corrected to include quantum "gradient" corrections to the kinetic energy and exchange effects [3, 4] . Scott, and following studies, have investigated the limits of the semi-classical approximation, by separating the strongly bound electrons from the semi-classical integration [5] . The basic TF model, as well as the gradient and exchange corrections, were generalized to finite temperature and densities [6] [7] [8] [9] [10] . TF model is a very crude and basic approximation for the atom, but its foundations are basic principles of physics, and in fact it is exact at Z → ∞ [11] [12] [13] , with Z the number of protons in the nucleus of the atom. Moreover, all physical properties predicted by TF model have a simple scaling property with Z. TF model thus provides a universal description of all materials, differing only by a scaling factor.
The development of DFT [14] [15] [16] has highlighted the advantages of TF model. DFT ensures that the ground state properties of a quantum many body system are dictated by its density. However, DFT does not hint towards the structure of the density functional that governs the system properties. As a result, TF model is commonly used as the limit for phenomenological DFT models of heavy atoms [17] , since TF depends merely on densities by construction . Moreover, Generalized Gradient Approximation (GGA) for the kinetic energy and an accurate exchange-correlation term, have been derived as corrections of the finite temperature TF model [18, 19] . A different approach to the corrections to TF model was taken by Schwinger and Englert [20] [21] [22] . Studying a TF description of an isolated atom, i.e., zero density and zero temperature model, they systematically ordered the corrections to the leading TF model by their Z dependence. They demonstrated that Scott's correction, i.e., a quantum treatment of the strongly bound electrons, is the leading correction to TF model, suppressed by Z −1/3 . Other corrections, such as quantum and exchange, are of lower order, suppressed by Z −2/3 . In the current letter we develop a generalization of Scott's correction to the finite temperature and density TF model. We show that it is more dominant than the known quantum and exchange-correlation corrections, and thus conjecture that it is the leading correction at these thermodynamic conditions. As such, our study is the initial step to establish a systematic expansion of density functionals, whose different predictions represent the theoretical uncertainty.
We start by considering the assumptions leading to the TF model for a neutral atom of charge Z at finite temperature T and chemical potential µ. NeglectarXiv:1412.2402v1 [cond-mat.mtrl-sci] 7 Dec 2014 ing exchange and correlations contributions, the single particle energy is U 1 = Tr (Hn (r, p)), the total entropy can be calculated combinatorially to be S = −k B Tr (n ln (n) + (1 − n) ln (1 − n)), and the electronic density is found to be the Fermi-Dirac distribution. Here, the single electron Hamiltonian is H = p 2 2m + (−e) V ( r). Summing all the single particle energies leads to double counting of the electrostatic energy between the electrons, thus we subtract it once, and write the free-energy functional as [23] 
The TF main approximation is to evaluate the free energy functional by taking a semi-classical trace over the states, i.e., Tr →
here β = (k B T ) −1 , and I z (η) is the Fermi-Dirac integral [33] . The advantage of writing TF model this way is that a variation of this functional leads to two self consistent relations. A variation with respect to µ leads to the number constraint, Z = d 3 r n( r), with
(β (eV ( r) + µ)). Variation with respect to the potential leads to Poisson equation
These two equations are solved using the usual "average atom" assumptions, i.e, a spherical Wigner-Seitz cell, V (r 0 ) = 0 and dV (r) dr | r=r0 = 0, with a point nucleus at its center rV (r)| r=0 = eZ, and whose size is determined
A is the atomic mass and ρ is the matter density.
Eq. 2 is a new form of the finite temperature and density of TF functional, generalizing Englert and Schwinger [21] . It is useful also to extract the known scaling properties of TF model. We scale length dimension by λ, r → λ −1 r, r 0 → r 0 λ −1 , and external energies, potential, temperature and chemical potential, by λ α . The nucleus boundary condition, rV (r)| r=0 = eZ, entails Z → λ α−1 Z. Substituting these into Eq. 2 constrains α = 4, and as a result F T F (Z, β, ρ) = λ −7 F T F (λ 3 Z, λ −4 β, ρλ 3 ), leading to the famous result,
where σ = r
T . In the limit Z → ∞ we recover the known value f T F → −0.768745.
One of the shortcomings of TF model are unphysical properties near the nucleus. This is a result of the fact that the semi-classical approximation breaks near the nucleus, as the electrons wavelength becomes comparable to the distance to the nucleus. This effectively imposes an ultraviolet cutoff µ s on the semi-classical trace. However, such a cutoff neglects the energy of strongly bound electrons. At this level of approximation we neglect fluctuations in the strongly bound electrons population, i.e., their contribution to entropy vanishes.
We incorporate the strongly bound electrons perturbatively into the TF model by subtracting the semi-classical summation above the ultraviolet cutoff, and adding the quantum mechanical trace of the strongly bound electrons. We set-up a consistent perturbative calculation, thus calculating the trace for the strongly bound electrons using the leading order potential, i.e., the potential resulting from TF model. As the inner electrons are strongest bound, we follow Baker [24] and expand the TF potential about the nucleus [25] . Thus, at first order we get
i.e., a coulomb potential, leading to hydrogen atom wave functions and energies, up to the constant BZ 4/3 . This approximation is valid for a shell j with n j electrons, if − eV (r) − eV B (r) nj . The deviation is at the percentage level for K-shell electrons, and about 10% for L-shell electrons. Finally,
we define n s to be the quantum number of the highest energy level smaller than µ s . In addition, we introduced F µs , the semi-classical subtraction of the energy of particles whose energy is smaller than µ s . We use nF D , the Fermi-Dirac distribution with chemical potential µ s , in order to select the electrons with energy less than µ s .
µ s is chosen in the gap between the K-shell and L-shell, aiming to use a quantum mechanical treatment for the K-shell, i.e., µ 1 < µ s < µ 2 (therefore n s = 1), where
As a result,
Complying with the assumption that the strongly bound electrons fill complete shells, without fluctuations, dictates µ 1 < µ 2 µ.
Taking the trace in Eq. 6 we deduce the energy functional for TF model at finite temperature with the strongly bound electron correction
with ρ s (r) ≡ 2 |ψ 1 (r)| 2 , and ψ 1 (r) is Hydrogen-like ground state wave function.
Similarly to the leading order, a variation of this functional with respect to µ, V , and µ j , leads to the number constraint and to Poisson equation. However, the electron density is now divided to the density of strongly bound electrons and the rest of the electrons,
with
when we define
This correction, due to the strongly bound electrons, clearly does not change the chemical potential, since the correction does not change the dependence of the functional upon the number of electrons. An analytical derivation, using the charactreristics method, leads to the scaling properties of the model [25] (in Hartree atomic units),
predicting that the prefactor to Scott's Z 2 term is density and temperature independent. This is verified numerically in Fig. 1 , where we demonstrate this scaling as derived from the free energy, and invariant of (scaled) temperature τ . Similar constant behavior is verified for the (scaled) density σ. The scaling clearly shows that the generalized Scott's correction is suppressed by Z −1/3 , with respect to the bare TF result. Moreover, as Z −→ ∞ grows, the coefficient goes to The TFS correction affects atomic potential, and as a result the electronic densities. In Fig. 2 and Fig. 3 we demonstrate this for Mercury (Z=80) at ρ = 1 g cm 3 . Changes in screening factor, Fig. 3 , reach up 1%, reproducing the result in Ref. [22] . The electronic densities show the expected near nucleus shell structure, and are temperature dependent. In Table I we show some numerical results of the models' parameters. The low-temperature limit in Fig. 2 and Table I reproduces the results of Ref. [21] . The model breaks when the condition µ 1 < µ 2 µ is broken. This breaking indicates L-shell ionization, and thus a change in Q 2 . Indeed, in Fig. 4 we can see that, for Mercury at ρ = 1 g cm 3 , Q 2 is of the same order until it reaches its minimum at T = 1250 eV. For higher temperatures it starts to increase rapidly adding a growing number of quantum mechanical electrons, while not subtracting enough semiclassical ones. For even higher temperatures µ 2 and Q 2 do not converge. For Mercury with ρ = 1 g cm 3 it occurs at about T = 1550 eV. Thus, Q 2 behavior can be used to probe the validity of the model. In summary, we have established a consistent method to estimate a Z −1/3 correction to the TF energy at finite thermodynamic conditions, in a functional form. The model is valid as long as the L-shell is not ionized. In the regime of validity, the correction to the TF energy is independent of temperature and density, namely 1 2 Z 2 . The model presented here takes into account the electron screening potential when dealing with the strongly bound electrons. This accounts for the differences comparing to Ref. [26] [27] [28] [29] .
These results lead us to conjecture that TFS correction is the leading correction for the TF model at finite temperature. In particular due to the fact that gradient and exchange-correlation corrections to the TF energy are of order Z 5 3 [30] . As such, it is essential to include TFS correction as a starting point when studying these further corrections, as well as relativistic corrections. Such successive construction of functionals will allow to better estimate theoretical uncertainties.
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